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Abstract 
In this paper, we characterize the knot types of tunnel number two knots K such that the 
tunnel number of K#K’ is equal to two again for some 2-bridge knot K’. 
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0. Introduction 
Let K be a knot in the 3-sphere S3 and t(K) the tunnel number of K. Here 
t(K) is the minimum number of mutually disjoint arcs properly embedded in E(K) 
whose exterior is a handlebody, where EC K) = c&Y3 - N(K)) and N(K) is a 
regular neighborhood of K in S3. We call the family of the arcs satisfying the 
above condition an unknotting tunnel system for K. In particular, we call it an 
unknotting tunnel if the system consists of a single arc. 
For two knots K and K’, the connected sum of the two knots is denoted by 
K#K’. Concerning the relation between tunnel number and connected sum of 
knots, the first result is: 
Theorem 0.1 [3,7,8,10]. Tunnel number one knots are prime. 
Next, for tunnel number two knots, we showed: 
Theorem 0.2 151. Let K, and K, be nontrivial knots in S3. Suppose t(K,#K,) = 2, 
then : 
(1) if neither K, nor K, is a 2-bridge knot, then t(K,) = t(K,) = 1 or, 
(2) ifat least one of K, and K,, say K,, iv a 2-bridge knot, then t(K,) G 2 and 
K, is prime. 
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Moreover, we showed in 161 that the estimate of Theorem 0.2 is the best 
possible. That is: 
Theorem 0.3 [6]. There are infinitely many tunnel number two knots K such that 
t(K#K’) = 2 for any 2-bridge knot K’. 
To put it concretely, let II be a positive integer and K, the knot illustrated in 
Fig. 1. Then we showed in [6] that: 
(1) t(KJ = 2, 
(2) t(K,#K) = 2 for any 2-bridge knot K and, 
(3) K, and K, are mutually different types if n # n’. 
Now, let K, and K, be two knots such that t(K,) = 1, t(K,) = 2 and t(K,#K,) 
= 2. Then by Theorem 0.2, K, is a 2-bridge knot. In this paper, we characterize 
the knot type of K,. 
Let B be a 3-ball, and let t, U t, be a union of two mutually disjoint arcs 
properly embedded in B. Then we call (B, t, U t2) a 2-string tangle. We say that 
(B, t, U t2) is a trivial angle if it is homeomorphic to (D2 XI, {x, y} XI) as pairs, 
where D2 is a 2-disk and x and y are two points in int(D2), and that it is a 
nontrivial tangle if it is not a trivial tangle. A component of t, U t,, say t,, is called 
unknotted if (B, tl) is homeomorphic to (D2 X I, {x} X Z) as pairs, which is called a 
(l-string) trivial tangle. We say that (B, t, u t2) is a free tangle if cl@ - N(t, u t,)) 
is homeomorphic to a genus two handlebody, where N(t, U t2> is a regular 
neighborhood of t, u t, in B. The term “free tangle” is due to Kobayashi [4]. Fig. 
2(l) is an example of a 2-string nontrivial free tangle with an unknotted compo- 
nent, and Fig. 2(2) is an example of a 2-string nontrivial free tangle without 
unknotted components. 
Then our characterization theorem is: 
Theorem 0.4. Let K be a knot in S3. Then the following three properties are all 
equivalent to each other. 
(1) t(K) = 2 and t(K#K’) = 2 for some 2-bridge knot K’. 
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(2) t(K) = 2 and t(K#K’) = 2 for any 2-bridge knot K’. 
(3) (S3, K) has a 2-string tangle decomposition (B, t, U t2) U (B’, t; U ti> such 
that both tangles are nontrivial free tangles and at least one of the two tangles has an 
unknotted component. 
Remark. For a 2-string free tangle, by [l, Theorem 11 we see that it is a trivial 
tangle if and only if the two arcs of the tangle are both unknotted components. 
Example. Let K be the knot 8,, in the table of Rolfsen’s book [9]. Then by the 
deformation illustrated in Fig. 3, we see that K has a 2-string tangle decomposi- 
tion such that each tangle is a nontrivial free tangle with an unknotted component. 
Then by Theorem 0.4, we have t(K) = 2 and t(K#K’) = 2 for any 2-bridge knot 
K’. Since prime knots with at most seven crossings are all 2-bridge knots, those 
knots are all tunnel number one knots. Hence we see that the minimum crossing 
number of knots which have the property of Theorem 0.4 is eight. 
We divide the proof of Theorem 0.4 into two parts “(1) * (3)” and “(3) * (2)” 
because “(2) = (1)” is trivial. 
Throughout this paper, for an m-manifold M (m = 2 or 3 respectively) and an 
n-manifold N (n = 1 or 2 respectively) properly embedded in M, a component of 
M - N means the closure of a component of M - N. And for a manifold X and a 
subcomplex Y of X, N(Y; X) denotes a regular neighborhood of Y in X, and if X 
is well understood, we denote it by N(Y) simply. 
1. Proof of “(1) - (3)” 
Suppose t(K) = 2 and t(K#K’) = 2 for some 2-bridge knot K’. Put K, = K#K’. 
Let {-yl, yJ be an unknotting tunnel system for K,. In this paper, we often regard 
unknotting tunnels for a knot as arcs in S3 whose endpoints are in the knot. Put 
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Vi =N(K, u y1 u y2; S3) and I’, = cl(S3 - Vi). Then (Vi, V,) is a genus three 
Heegaard splitting of S3 and K, is a central curve of a handle of Vi. 
Let S be a 2-sphere in S3 which gives the connected sum of K, = K#K’. Then 
we may assume that S fl Vi = 0; U 0; U D, U . * - U D,, where Di* is a nonsepa- 
rating disk of Vi intersecting K, in a single point (i = 1, 2), and Dj is a disk not 
intersecting K, (j = 1, 2,. . . , I). Let W be the genus two handlebody obtained 
from Vi cut open by 0;. Then, since 0; is a disk properly embedded in W, 
according as (I) 0; splits W into two solid tori, (II) 0; is a nonseparating disk in 
W and (III) 0; is parallel to a disk in aW, we have the following three cases with 
respect to 0; and 0; (Fig. 4). 
Case I: 0; ~0; splits V, into two solid tori (Fig. 4(l)), 
Case II: 0; U 0; does not separate VI (Fig. 4(2)) and 
Case III: 0; and 0; are mutually parallel (Fig. 4(3)). 
In the following, we show that Cases I and III do not occur, and that K has the 
property (3) of Theorem 0.4 in Case II. 
Suppose we are in Case I. 
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This case is the same one as that of [5, Section 21, and in the section we showed 
that t(K) = t(K) = 1. This contradicts the hypothesis t(K) = 2, and hence Case I 
does not occur. 
Suppose we are in Case III. 
This case is the same one as that of [5, Section 41. Then by [5, Lemma 4.71, we 
may assume that I = 1 and that D, is a separating disk which splits Vi into a solid 
torus containing K, and a genus two handlebody. Moreover, [5, Lemma 4.71 says 
that by an isotopy of type A from V, into Vi (for the definition of the isotopy of 
type A, see [2, Ch. III>, we can put S n VI = 0; u 0; u A and S n V, = F, u F2, 
where A is a separating annulus in Vi as a union of the disk D, and a band (Fig. 
5(l)) and Fi is a nonseparating annulus in V, (i = 1, 2) as a union of a nonseparat- 
ing disk and a band such that those two disks are mutually parallel and those two 
bands are not mutually parallel (Fig. 5(2)). 
In the paragraphs at the beginning of [5, Section 41, we showed that K has 
tunnel number at most two. However, by a more detailed argument here, we show 
that K has tunnel number one, which contradicts the hypothesis t(K) = 2. 
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Let X,, X, and X, be the three components of VI - (II; u 0; uA) indicated 
in Fig. 50) and Y, and Yz the two components of V, - (F, u F,) indicated in Fig. 
5(2). Then Y, f~ aV, is identified with X, n aV, and Y2 n W, is identified with 
(X, UX,) n WI. We note here that a component of U’, is parallel to a component 
of aF, in a&. Hence Y2 n aV, is a union of an annulus and a torus with two holes. 
Put B, =X, U Yr and B, = (X, UX,) U Y2. Then, since B, and B, are the two 
components of S3 - S, Bj is a 3-ball (i = 1, 2). Put Si = Bi n K, = Xi n K,. Let Bf 
be a 3-ball and 6: a trivial arc properly embedded in Bi (i = 1, 2). Put S: = Bi U B[ 
and Ki = ai u 6: (i = 1, 2), then Ki is a knot in the 3-sphere S’ and K, = K,#K,. 
Then by the argument in the paragraphs at the beginning of [5, Section 41, K, is a 
2-bridge knot. 
Next, we show that K, has tunnel number one. We denote images of 0; , D;, 
A, F, and F2 in 8X,, 3X3 and aY, by the same notations. Since, by changing the 
letters if necessary, aDi* is identified with a component of a& (i = 1, 2) and 
$0; u 0;) bounds an annulus in aV,, there is an annulus, say F,, in aV.. such that 
F3 n (F, u F2) consists of a component of aF, and a component of a&. Since F3 is 
an annulus in aY,, F, u F2 u F3 is an annulus, say F, in aY,. Recall that Y2 and X3 
are genus two handlebodies. 
Lemma 1.1. Under the above notations, at least one of the following (1) and (2) 
holds :
(1) There is a nonseparating disk D properly embedded in Y, such that D (7 F is an 
essential arc properly embedded in F or 
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(2) there is a nonseparating disk D properly embedded in X3 such that D n A is an 
essential arc properly embedded in A. 
Proof. Let y be the central curve of F3. Then by noting that aY, = F, u F2 u (X2 n 
WI> u (X, n aV,> = F u (X3 n WI> and that X, n WI is connected, we see that y, 
the central curve of F, is a nonseparating loop in aY,. 
To complete the proof of the lemma, we need the following lemma, which is a 
special case of [l, Theorem 11. 
Lemma 1.2 [l, Theorem I]. Let H be a genus two handlebody, 1 a nonseparating loop 
in aH and h a 2-handle for H along 1. Then H U h is a solid torus if and only if there 
is a nonseparating disk D properly embedded in H which intersects 1 in a single point 
transversely. 
Proof of Lemma 1.1 (continued). Now, since the annulus X, n WI is identified 
with the annulus F, in aY,, X, is a 2-handle for Y2 along y. Put T = a(X, u Yz). 
Then, since y is a nonseparating loop in aY,, T is a torus. And hence T splits S3 
into two 3-manifolds X, U Y, and (X, UX,) U Yr. 
Suppose the conclusion (1) of the lemma does not hold. Then by Lemma 1.2, 
X, U Y2 is not a solid torus. On the other hand, by the Solid Torus Theorem [9, 
Ch. 41, at least one of S3 - T is a solid torus. Hence (X, U X,) U Yl = (X, U Yl) U 
X, = B, U X, is a solid torus. Since, B, is a 3-ball and B, n X3 = A is an annulus, 
B, is a 2-handle for the genus two handlebody X3 along the central curve of A. 
Then by Lemma 1.2, we get the conclusion (2). This completes the proof of the 
lemma. 0 
Recall B, = (X, u XJ u Y,, 8, = B, n K,, $2” = B, U B;, and recall that K, = S, 
U 8; is a knot in the 3-sphere Sl. Note that aB, = 0; U F, U A U F2 U 0;. Let D* 
be a 2-disk and x a point in int(D2). Since 8; is a trivial arc in Bk, we can regard 
BL as D* X [O, 11 and 8; as (x} x [O, 11. Choose the glueing map f from aB; to aB, 
so that f(D’ X {O]> =0; U F,, f(aD2 X [O, 11) = A, f<D’ X {l)) = F, U D,* and 
f({x] x 10, 1)) = as,. 
Suppose the conclusion (1) of Lemma 1.1 holds. Then X2 is a cancelling 
2-handle for Y,, and hence X2 U Y, is a solid torus and 6, is a trivial arc properly 
embedded in the solid torus. Put U = (X2 U Y2> Uf ,D~xt,,, 1j CD2 X [O, 11). Then, 
since D* X [O, 11 is a l-handle for the solid torus X2 U Y,, U is a genus two 
handlebody and K, = 6, U Sl, is a central curve of a handle of U. Hence, (X,, U) 
is a genus two Heegaard splitting of the 3-sphere Sz. This shows that K, has 
tunnel number one. 
Next, suppose the conclusion (2) of Lemma 1.1 holds. Then since f(a(D* x 
[O, 11)) nX, is the annulus A, D* x [O, 11 is a cancelling 2-handle for X,. Hence 
X, Uf,aDzx~O,ll CD* X 10, 11) is a solid torus and 6; = {x] x [O, 11 is a trivial arc 
properly embedded in the solid torus. Put W= (X3 uf,aD~xIo,ll (D* x [O, 11)) 
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U,,; oD;) X,. Then, since X, is a l-handle for the solid torus, W is a genus two 
handlebody and K, = S, U S; is a central curve of a handle of W. Hence (W, Y2) is 
a genus two Heegaard splitting of the 3-sphere S;, and K, has tunnel number one. 
Thus we get that K, = K,#K, and t(K,) = t(K,) = 1. Then by the uniqueness 
of prime decomposition of knots [ll], we have t(K) = t(K) = 1. This contradicts 
the hypothesis t(K) = 2, and hence Case III does not occur. 
Suppose we are in Case II. 
This case is the same one as that of [5, Section 31. By [5, Lemma 3.41, we may 
assume that I= 1 and that D, is a nonseparating disk such that 0: UD; U D, 
splits Vi into a 3-ball and a solid torus. Moreover [5, Lemma 3.41 says that, by an 
isotopy of type A from V, into Vi, we can put S n Vi = 0; U 0; UA and 
S I? V, = F, u F2, where A is a nonseparating annulus in Vi as a union of the disk 
D, and a band (Fig. 6) and Fi is a nonseparating annulus in V, (i = 1, 2) as a union 
of a nonseparating disk and a band such that those two disks are mutually parallel 
and those two bands are not mutually parallel (Fig. 5(2)). We note that in this case 
no two components of a(F, U F2) are mutually parallel. 
Let Xi and X, be the components of Vi - (0; U 0; Ud indicated in Fig. 6, 
and Y, and Yz the components of V, - (FI U F,) indicated in Fig. 5(2). Then by 
the argument in the paragraphs at the beginning of [5, Section 31, Yi n W’, is 
identified with X, n G’, and Y, n WI is identified with X, n WI. 
Put B, =X1 u Y, and B, =X2 u Yz. Then, since B, and B, are the two 
components of S3 - S, Bi is a 3-ball (i = 1, 2). Put ai = Bi fI K, = Xi n K, (i = 1, 2). 
Let B[ be a 3-ball and 8: a trivial arc properly embedded in B[ (i = 1, 2). Put 
SS = Bi u B; and Ki = ai u 8; (i = 1, 2), then Xi is a knot in the 3-sphere $ and 
K, = K,#K,. Then by the argument in the paragraphs at the beginning of [5, 
Section 31, K, is a 2-bridge knot. 
Next we show that K, has the property (3) of Theorem 0.4. We denote the 
images of D;, D;, A, F, and F2 in i3X, and aY, by the same notations. 
Lemma 1.3. Let a! be the central curve of the annulus A, then the algebraic 
intersection number of (Y and a meridian of the solid torus X2 is 1 or - 1. 
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Proof. Since (Y is a loop in the 2-sphere S, (Y splits S into two disks. Then by 
pushing out the interior of one of the two disks, we get a 2-disk E in cl(S3 -X,> 
such that E nx, = i3E = cx This shows that (Y is a preferred longitude of X, in S3. 
Thus, the algebraic intersection number of (Y and a meridian of X, is 1 or - 1. 
This completes the proof of the lemma. 0 
Let 0’ be a 2-disk and x a point in int(D2). Since 8; is a trivial arc in B;, we 
can regard B; as D2 X IO, 31 and 6; as {xl X [O, 31. Put 1x1 X [O, 11 = PI, 1x1 x [l, 21 
= p2 and {xl x [2,3] = p3. Then 8; = & U p2 U p3. Choose the glueing map f 
from aB; to aB, so that f(D2 X IO}) = D;, f(aD2 X [O, 11) = F,, f@D2 X [l, 21) =A, 
f(aD2 x [2, 31) = F2 and f<D2 X (3)) = 0;. 
Consider D2 x [O, 31 as a union of D2 X [O, 11, D2 X 11, 21 and D2 X [2, 31. Put 
W, =X2 Uf,ao2xtl,21 CD2 X [I, 21) and W2 = Y2 uf~~~zx[0,~]u~~2x[2,3] KD2 X [O, 11) u 
(D2 x [2, 31)). Then by Lemma 1.3, WI is a 3-ball, and hence W, = cl@; - WI> is a 
3-ball too. Moreover we have WI nK, = 6, U/3, and W, nK2 =B1 Up,. Hence 
(W,, 6, u p2) u (W,, PI U f13) is a 2-string tangle decomposition of (Sz, K2). 
Fact 1.4. Under the above notations, the following two conclusions hold. 
(1) (W,, 6, UP21 is a free tangle and B2 is an unknotted component of the tangle. 
(2) (W,, PI U &) is a free tangle. 
Proof. Since cl(W, - N(p2; WI>> = cl(W, - CD2 X [l, 21)) =X2 is a solid torus, p2 is 
an unknotted component. Moreover, since K, is a central curve of a handle of VI, 
6, is a trivial arc in the solid torus X2. Hence cl(X, - N(6,; X2>) is a genus two 
handlebody, and we get the conclusion (1). 
Since cl(W, - (NC&; W,) U N(P3; W,)>> = cl(W, - (CD2 X [O, 11) U CD2 X 
[2, 31))) = Y2 is a genus two handlebody, (W,; PI U p3) is a free tangle. Thus we get 
the conclusion (2). 0. 
Fact 1.5. Neither <WI, 6, U p2) nor (W,, B1 U p3) is a trivial tangle. 
Proof. Before the proof, we prepare a claim. 
Claim. Let K be a knot in S3 such that (S3, K) has a 2-string tangle decomposition 
(B, t, U t2) U (B’, t\ U t;> both of which are free tangles. Suppose at least one of the 
two tangles, say (B’, t; U t;), is a trivial tangle, then K has tunnel number one. 
Proof. Put Ni = NO,; B) (i = 1, 21, and put U, = cl(B - (N, UN,)> and U, = B’ u 
(N, U N2). Then since (B, t, U t2) is a free tangle, U, is a genus two handlebody. 
And since Ni (i = 1, 2) is a l-handle for B’, U, is a genus two handlebody too. 
Hence (U,, U2) is a genus two Heegaard splitting of S3. Moreover, since (B’, t; u $1 
is a trivial tangle, KC= t, u t, U t; U t;> is a central curve of a handle of U,. This 
shows that K has tunnel number one, and completes the proof of the claim. 
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Suppose at least one of the two tangles is a trivial tangle, then by the above 
claim, K, has tunnel number one. Thus we get that K, is a connected sum of a 
2-bridge knot K, and a tunnel number one knot K,. On the other hand, the 
hypothesis of the proof of (1) = (3) is that K, is a connected sum of a 2-bridge 
knot K’ and a tunnel number two knot K. This contradicts the uniqueness of 
prime decomposition of knots [ill, and completes the proof of the fact. q 
By combining Facts 1.4 and 1.5, we see that K, has the property (3) of Theorem 
0.4. Then by the uniqueness of prime decomposition of knots [ll], we see that K 
has the property (31 of Theorem 0.4. This completes the proof of (1) * (3). 
2. Proof of “(3) * (2)” 
Suppose K has the property (3) of Theorem 0.4. Then (S3, K) has a 2-string 
tangle decomposition (B, t, u t2) u (B’, t; u th> such that both tangles are nontriv- 
ial free tangles and t, is an unknotted component of the tangle (B, t, U f2). 
In [lo], Scharlemann showed that tunnel number one knots are doubly prime 
[lo, Theorem 2.31. In the term of this paper, the theorem says that tunnel number 
one knots cannot be decomposed into two 2-string nontrivial tangles. Thus we have 
t(K) > 2. 
Next, let K’ be a 2-bridge knot in another 3-sphere s3, and (C, si U s2) U 
(C’, s; Us;) a 2-bridge decomposition of (g3, K’), i.e., both tangles are 2-string 
trivial tangles. In the rest of this section, we show that K#K’ has tunnel number 
two. We note here that the following argument is essentially due to Kobayashi [41. 
For i = 1, 2, put A$ = N(t,; B), &’ = N(t[; B’), Mi = N(s,; C) and M,! = N(s:; C’> 
and put P, = cl(S3 - (N; U A$ U N;)) and Q, = c1(s3 - (A4; U M2 U M;)). Since t, 
connects t; and t;, and since s2 connects s; and s;, both Ar; U IV2 U N$ and 
M; uhf, u itf; are 3-balls in S3 and s3 respectively. Hence both PO and Q, are 
3-balls, and C, (si respectively) is an arc properly embedded in P,, (Q, respec- 
tively) (see Fig. 7). 
Choose the glueing map f from V’, to aQo as follows: f(N; r\ aP,,l = M; n aQ,,, 
f(A$ n aPa) = M2 n aQo, f(N; n aP,,> = hi; n aQo and f(at,) = as,. Consider the 
3-sphere Pa uf Q, and the knot t, Uf s1 in the 3-sphere Pa Uf QO. Then by the 
definition of connected sum, the knot t, Uf s1 in the 3-sphere is a connected sum 
of K and K’. Put IV, = cl(B - iV2) Uf cl(C - M21 and W, = cl(B’ - (TV; U A$) Uf 
cl(C’ - 04; u AI;)). 
Fact 2.1. Under the above notations the following hold. 
(1) W, is a genus three handlebody which contains t, Us, as a central curve of a 
handle. 
(2) W, is a genus three handlebody. 
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Fig. 7. 
Proof. First we show the conclusion (2). Since (C’, s; U $1 is a trivial tangle, there 
is a disk, say II’, properly embedded in C’ which separates A4; and M;. Then we 
can put cl((C’ - 04; u M;)) -IV@‘; C’)) = U, U U,, where Ui is a solid torus 
(i = 1, 2). Since (II’, t; U ti> is a free tangle, cl@’ - (N; U IV;)) is a genus two 
handlebody. Then, since cl@’ - (N; U IV;)) n l.J is an annulus in X.J (i = 1, 2) 
which wraps Vi exactly once, cl(B’ - (N; U IV;)) U (U, U U2) is a genus two handle- 
body. Thus W, = (cl(B’ - (IV; U IV;)) U (U, U U,>> U NW; C) is a genus three han- 
dlebody because NW; C> is a l-handle for the genus two handlebody. This 
completes the proof of the conclusion (2). 
Put VI = cl@ - N2). Then since t, is an unknotted component of (B, t, u t,), 
V, is a solid torus and since (II, t, U tz) is a free tangle, cl(Vr - iV,) = cl03 - (Nr 
u N,)) is a genus two handlebody. Hence by Lemma 1.2, t, is a trivial arc properly 
embedded in VI. Moreover, since (C, sr U sz> is a trivial tangle, sr is a trivial arc 
properly embedded in the solid torus cl(C - M2). Then by the argument similar to 
the proof of the conclusion (2), and by noting that N(at,; aB) is identified with 
N&r,; XI), we get the conclusion (1). 0 
By the above fact, we see that (WI, WJ is a genus three Heegaard splitting of 
the 3-sphere P,, u Q, and W, contains the knot t, U s1 as a central curve of a 
handle. This shows that the knot K#K’( = f, U sl) has tunnel number at most two, 
and hence t(K#K’) G 2. Since a trivial knot has a 2-bridge decomposition, this 
inequality implies the inequality t(K) G 2. Thus t(K) = 2. Moreover, since tunnel 
number one knots are prime, we have t(K#K’) = 2. This completes the proof of 
(3) =$ (21, and completes the proof of Theorem 0.4. 
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